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Summary

Although the rf cavity code SUPERFISH! is a neces-
sary tool for designing rf cavities, it is often useful
to have approximate analytic formulas for the electro-
magnetic properties of a cavity. One approach for the
RFQ four-vane cavity is to use the analytic solutions
associated with an iaclined plane waveguide.?

In this paper, we make use of the result that the
large capacitive vane loading in the four-vane RFQ
resonator allows a convenient representation by a
simple 1lumped-circuit model. Formulos are derived
that depend on a single unknown _arameter: the vane
capacitance per unit length, which can be calculated
for different vane geometries using SUPERFISH. The
formulas from the mode) are usef.:l for estimating tne
RFQ's electromagnetic properties as a function of
parzmeters such as frequency and intervane voltage.

Lumped-Circuit Model

Figure ! shows the cross section of an idealized
four-vane resonator consisting of four identical quad-
rants. In the TE21p-like quadrupole mode, the vane-
tips are charged by currents that flow in the quadrant
walls to produce an intervane voitage V as shown in the
figure. Also shown are the electric field linas for
this mode, localized near the vane tips. The magnetic
field, which is parallel to the central beam axis (per-
pendicular to the plane of fig. 1), is predominantly
in the outer quadrants and {is 90° out of phase with
respect to the electric field. The whole field pattern
varies sinusoidally in time and, for unmodulated vanes,
is independent of longitudinal position. In the foi-
lowing discussion, we will ignore effects associaled
with vane modulation.

Fig. 1. Cross section of the RFQ) four-vane resonant
cavity, The electric lines of force and
vane-tip voltages are shown.

The quadrupole mode can be characterized by specify-
iny that the electric field be parallel to the horizon-
tal and verticai lines that pass through the central
beam axis and through the vane tips of like polarity.
Then each of the four quadrants may be analyzed as an
independent resonant cavity, subject to this boundary
:ong:tiog. The geometry of & single quadrant {s shown

n 9. .

In the lumped~circuit mode), we will assume that
each quadrant of length 2 can be represented by a

=
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Fig. ¢. Geometry of one RFQ gquadrant.

Jumped capacitance C' and a lumped inductance L', each
of which is associated with the localized regions of
electric and magnetic field, respectively. For the
total cavity, this resuylts in the ecuivalent circuit
for the quadrupole morde shown in fig. 3. A more gen-
eral form of this equivalent circuit that included both
dipole and quadrupole modes was suggested earlier by
Potter.? The four resonant quadrants provide separate
electrical paths in parallel between points of maximum
positive and negative potential. Therefore, if C, is
the total capacitance per unit lenqth and x is the
cavity length, we may write Cy = 4C'/4.

Fig. 3. An equivalent circuit to represent the trans-
verse RFQ el ctromagnetic properties.

For a single quadrant as shown in fig. 2, we will

compute the inductance as foliows. We use [BeaX v yol
in the outer part of the cavity where the clcctr?c
field is small and take a path parallel ‘o the beam
axis n2ar the conducting surface that returns inside
the craductor where B is zero. Then B = ygl/%, where |
15 the transverse current over a length R. If the mag-
netic field {s approximately uniform {n the outer re-
gion of the cavity, we write tha magnetic flux in each
quacrant as ¢ = BA = oAl/L, where A is the effective
crost-secticnal area of a quadrant. The inductance for
each quadrant of length & is then a ratio of flux to
current, or L' = ugA/A,  To develop the model furthor:
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with sides of length 5 as shown in fig. 4. Then, the
area is A = (4 + 3m)rc/4 and the quadrant 1inductance
is L' = (4 + 3n)u°r2/41. The cavity resonant frequency

Fig. 4. Shape of idealized quadrant cross-sectional
area assumed for inductance calculation.

is given by w2 = (L'C')-1. If we substitute for L' and
C', we obtain a relation between quadrant radius, fre-
quency, and capacitance per unit length, which is

2 16 1
ré o )ﬁ- ()

Thus, increased capacitive loading or higher frequency
reduces the quadrant radius and, likewise, the trans-
verse dimensions of the overall cavity.

For an eJut time dependence of the currents and
voltages, the peak currert on the outer wall is given
by I = jJwCp2V/4, w*2re V is the peak intervane voltage.
Then, the peak values of the current per unit length Ip
on the outer wall and magnetic field are

I, ® JuC,V/4 (2)
and
B = JuquCoV/4 . (3)

We calculate the power loss by assuming the con-
ducting surface area for cach quadrant consists of the
cross section of fig. 4 taken over a length £, giving
a total surface area of S = (4 + 3n)2rk, which includes
all four quadrants. The power loss 1S

P = (1/2)Rg(B/ug)2S,

where Ry 1s the surface resistance. If we use eq. (3)
for B and use eq. (1) to eliminate r, we obtain a power
per unit length for the whole RFD cavity of

1/2
Ppe Sl T u Yt (4)

where we have used Rg * (uouw/20)1/2 and o s the
conductivity Tha stored enargy per quadrant s
W' e 1/?(C'Vé). which implies a stored energy per unit
length for the whole RFQ cavity of

W . % c,_v2 . (%)

The quality factor 1s Q « uMp/Pa, which can be rewrit-

80 1/2
Q= (rz—:jﬁnzzz) . (6)

A local effective shunt impedance Ber unit length can
be calculated from a definition 27¢ = (E,T)2/Py, using
eq. (4) and using EoT = nAV/2BA, where A is the accel-
eration efficiency," B 1is the synchronous particle
velocity, and A is the free space wavelength. The
result is

’ s M2 a2\
gy B o 7
L

where ¢ is the speed of light.

The acceleration efficlency A varies typically
from 0 to about 0.5. Th2 effective shunt impedance as
given by eq. (7) varies throughout the RFQ as a result
of the v riations in A and B. The usefulness of this
quantity is probably restricted to the accelerator sec-
tion of an RFQ, where acceleration rate is an important
performance criterion. It may be a useful parameter
for deciding on the correct transition energy for in-
Jection into a structure that foilows the RFQ. The
above formulas are expressed in SI units. The fre-
quency in our formulas should be expressed as w = 2nf
in hertz and voltage V is in volts. This will give Iy
in amperes/meter, B in tesla, Wy in joules/m, Py in
watts/meter, and 2T7¢ in ohms/meter. For raom-tempera-
ture copper,_we use p=g”! = 1.7 x 1079 & » m and
Ho ™ 41 x 10=7 kg » m/C2,

The formulas are repeated below with numerical
constants for a room-temperature copper caviiy. Sub-
stitute V in volts, Cg in farads/meter, and f in
hertz.

I, =J3.6fCyV (a/m), (8)
8 =j2.0x10° fC,V  (tesha), (9)
P, = 13107 ) VA (wm), (10)
W, = 0.5Cv¢  (d/m), an
Q= 2.4 x10%rc)"VE | anc

212 % 2.1 a 10'14(A/B)2f1/2Cl'3/2 (wm) . (12)

The power per unit-length formula {includes only
the RFQ four-vane cavity. n some cases, beam power
or an RFQ manifold may also contridute to the total
power. Furthermore, Pg, Q, and Z7¢ do not include end-
plate losses that, however, are usually a small frac-
tion of the total.

Capacitance Per Unit-Length Values

The formulas presented in the provious sectien ‘ie-
pend upon one unknown parameter: the effective capaci-
tance per unit length Cp. Electrostatic calculations
show that, as would be expected, C; is independent of
radial aperture for four poles of circular cross sec-
tion whose radius of curvature is equal to the radial
aperture. The retu‘s obtained for circular poler 13
about Cp = 90 x 10°'< farads/meter.® A larger value,
together with an associated weak dependence on radial
aperture, might be expected for vanes rather than
circular poles.
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with the geometry shown 1in fig. 2. The resonant
frequency was calculated as a function of the radius r
and radial aperture ry. The vane-tip radius of curva-
ture was kept equal to the radial aperture ry for these
studies. Using the radius r and the resonant frequency
calculated from SUPERFISH, Cy was calculated for each
case using eq. (1). Figure 5 shows that the calculated
Cp is a rather weak function of the dimensionless
parameter rqo/A, as erpected. A decrease of Cp as rg/)
increases is expected as the contribution of vane sides
decreases relative to a fixed contribution from the
vane tips. For 0.002 < ro/A < 0.008, we obtain Cy
values in farads/meter_that can /bse approximated by the
formula Cp = 48 x lO"z(r /A)'] . An alternate pre-
scription to determine Cg ?s to use eq. (5) with Wy and
V from the SUPERFISH runs. This prescription yields Cp
values about 3% lower than the curve in fig. 5. Thus,
Cp depends somewhat on the prescription chosen; there-
tore, the numerical values given in fig. 5 must not be
considered as absolute.
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Fig. 5. Capacitance per unit length versus ro/) de-
duced using SUPERFISH calculations with a pro-
cedure given in the text. (g may be describﬁg
by the %pproximate formula Cg = 48 x 10~
{r,/2)=1/6 3n farais/meter.

The values of Cg given in fig. 5 have been used to
" evaluate B, Py, Wp, and Q from eqs. (3)-(6) for compar-
fson with the more correct SUPERFISH results. For the
cases studied, we have found that the Py values agree
to better than 10%, whereas the B, Wp, and Q values
agree to better than 5%. For a given intervane voltage
and with Cp given from fig. 5, the model overestimates
B, Wg, and Py and underestimates Q.

The mode} can be useful for estimating cavity
oroperties in the early stages of an RFQ design as well
as for showing the dependence of the cavity properties
onw, Cg, and V. A more detsiled SUPERFISH study could
beimade to evaluste Cy for more realistic vane geome-
tries.

Field, Stored Energy, and
Power Scaling with Frequency

Except for Q and IT2, which are independent of
cavity excitation, the formulas in the previous section
have been expressed in terms of intervane-voltage V.
Often the RFQ voltage {s limited by the peak surface
electric field E;. Because the transverse resonator
dimensions are proportional to rf wavelength, and
€¢ = V/rg (2 result verified by SUPERFISH calcula-
t?ons). hen V = E¢/w, This implies that

Ip» CzE‘ '
8 « Clﬁ‘ '

Py« €% 22 | and

« 2,2
HE CEES fu® .

1f E. is independent of frequency, we would con-
clude tha% Ig and B are independent of frequency and Py
and Wy decrease as freiuency increases. However, often
a Kilpatrick-criterion® scaling is used for RFQ design,
which gives the peak surface field as Eg = bEK, where

£(MHz) = 1.643 EKZe'a'S/EK . (13)

with Egx in megavolts/meter and b is a bravery factor to
be chosen by the designer (typicaily b = 1.5 to 2.0).
An approximate representation for eq. (13) in the 100-
to 1000-MHz frequency range of interest for many RFQ
designs is given by

E(MV/m) = 1.8 f(MH2)0"? . (14)

Then the following approximate scaling relations are
obtained:

lg « 51“0'4 \

B « C190'4 ,
Pl « Ci/2w0‘3 , and

1.2

HP v CP/I .

We see that Iy and B, which are proportional to

Eg, will increase with frequency; Py also increases

rather weakly with frequency, but Wy 5till decreases
with frequency.

Acknowledgments

The ideas and contributions of K. R. Crandall,
J. M. Potter, R. H. Stokes, and 0. A. Swenson are
gratefully acknowledged.

References

1. K. Halbach and R. F. Holsinger, "SUPLRFISH = A
Computer Program for Evaluation of RF Cavities
with Cylindrical Symmetry," Particle Accelerators
1, 213 (1976).

2. H. Lancaster, "An Analytical Solution for the
Electrical Properties uf & Radin-Frequency Quad-
rupole (RFQ) with Simple Vanes," Proc. of the 1981
Linear Accelerator Conf., Santa Fe, New Mexico,
October 19-23, 1981, Los Alamos National Labora-
tory report LA-9234-C, 293 (February 1982).

3, J. M, Potter, "An RF Power Manifold for the Radio-
Frequency Quadrupole Linear Accelerator," Proc.
10th Linear Accelerator Conf., Montauk, New York,
September 10-14, 1979, Brookhaven National
Laboratory report BNL-51134, 205 (1980).

4, K. R. Crandall, R, H. Stokes, and T, P. Wangler,
“RF Quadrupole Beam Dynamics Design Studies,”
Proc. 10th Linear Accelerator Conf., Montauk, New
York, September 10-14, 1979, Brookhaven Nastional
Laboratory report BNL-51134, 205 (1980).

6. Computation by K. R. Crandall, A:celerator Tech-
nology Division, MS-H3)1, Los Alamos National
Laboratory, Los Alamos, New Mexicu 87545

6. W, D, Kilpatrick, “"Criterion for Vacuum Sparking
Designed to lgclude Both rf and dc," Rev. Sci.

A tsnar9)



